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LARGE UNIVERSAL DEFORMATION RINGS
FRAUKE M. BLEHER
Abstract. We provide a series of examples of finite groups G and mod p
representations V of G whose stable endomorphisms are all given by scalars
such that the universal deformation ring R(G, V ) of V is large in the sense that
R(G, V )/pR(G, V ) is isomorphic to a power series algebra in one variable.
Let k be a perfect field of positive characteristic p, let Γ be a profinite group and
let V be a continuous finite dimensional representation of Γ over k. Suppose that
the pro-p completion of every open subgroup of Γ is topologically finitely generated
(which is trivially satisfied when Γ is a finite group). It is an important representa-
tion theoretic problem to determine when V can be lifted to a representation over
a local commutative ring of characteristic 0. If W = W (k) is the ring of infinite
Witt vectors over k, then Green’s lifting theorem shows, for example, that V can be
lifted to W if H2(Γ,Endk(V )) = 0. The most natural generalization of such results
is to determine the full versal deformation ring R(Γ, V ) of V . The topological ring
R(Γ, V ) is characterized by the property that the isomorphism class of every lift of
V over a complete local commutative Noetherian ring R with residue field k arises
from a local ring homomorphism α : R(Γ, V )→ R and that α is unique if R is the
ring of dual numbers k[t]/(t2). In case α is unique for all R, R(Γ, V ) is called the
universal deformation ring of V . Note that all these rings R, including R(Γ, V ),
have a natural W -algebra structure. For more details on deformation rings and de-
formations, see for example [9]. For the purpose of this paper, [1, Sect. 2] provides
the necessary background on deformation rings and deformations of representations
of finite groups. It was shown in [2, Prop. 2.1] that if Γ is a finite group and the
stable endomorphism ring EndkΓ(V ) is isomorphic to k, then the versal deformation
ring R(Γ, V ) is always universal.
In this paper, we consider the question of how large R(Γ, V ) can be when Γ is a
finite group and EndkΓ(V )
∼= k. If Γ is a profinite Galois group, it is of interest to
study the case when R(Γ, V )/pR(Γ, V ) is finite dimensional over k, since this case
may lead to explicit presentations of R(Γ, V ) (see for example [6] and its references).
Since the representation V factors through a finite quotient G of Γ, it follows that if
R(G, V )/pR(G, V ) is not finite dimensional over k then R(Γ, V )/pR(Γ, V ) cannot
be either.
For the remainder of this paper, suppose that Γ = G is finite. Let V be a
finitely generated indecomposable kG-module whose stable endomorphism ring is
isomorphic to k and which belongs to a block B of kG with a defect group D. It
was shown in [2, 4] that if D is cyclic, or if p = 2, D is dihedral and B is Morita
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equivalent to a principal block, then R(G, V ) is isomorphic to a subquotient ring
of WD. In particular, R(G, V )/pR(G, V ) is finite dimensional over k in these
cases. Other instances where the finite dimensionality of R(G, V )/pR(G, V ) was
established can be found for example in [1, 3] and their references. However, de
Smit and Rainone found examples in the case when p ≥ 5 of finite groups G and
kG-modules V such that R(G, V )/pR(G, V ) is isomorphic to k[[t]], and hence not
finite dimensional over k (see [3, Remark 4.3] and [10]).
In this paper, we provide examples in Theorem 1 (resp. Proposition 2) of finite
groupsG and kG-modules V such thatR(G, V )/pR(G, V ) ∼= k[[t]] when p = 2 (resp.
p = 3). In fact, the example in Proposition 2 works for all p ≥ 3. In particular,
these examples provide a negative answer to [2, Question 1.1] for all primes p. The
methods we use to construct our examples are different from the methods used by
de Smit and Rainone. Their computations do not involve block theory, whereas
our methods to prove Theorem 1 heavily rely on the description of tame blocks
by Erdmann in [7] and the corresponding representation theory using quivers and
relations. For the proof of Proposition 2, we moreover use the representation theory
of cyclic blocks given by Brauer trees.
Theorem 1. Suppose k is an algebraically closed field of characteristic p = 2.
Let G be a simple group with dihedral Sylow 2-subgroups of order 2d ≥ 4, and
let G be a non-trivial double cover of G. Then there exists an indecomposable
kG-module V of composition series length 4 or 5 which is a quotient module of
a projective indecomposable kG-module such that EndkG(V )
∼= k and such that
R(G, V ) ∼= W [[t]]/(2fV (t)) for a certain power series fV (t) ∈W [[t]].
Proof. Let p = 2, and let G, d and G be as in the statement of Theorem 1. Let
B (resp. B) be the principal block of kG (resp. kG). From the classification by
Gorenstein and Walter of the groups with dihedral Sylow 2-subgroups in [8], it
follows that G is isomorphic to either PSL2(Fq) for some odd prime power q or to
the alternating group A7. Therefore, G is isomorphic to either SL2(Fq) for some
odd prime power q or to the non-trivial double cover A˜7. In particular, it follows
that both B and B have precisely three isomorphism classes of simple modules.
The quivers and relations of the basic algebras of B and B were determined in
[7]. In [1], the universal deformation rings were found of certain kG-modules that
are inflated from kG-modules belonging to B. Since the notation introduced in [1]
is convenient for our purposes, we will freely use it. For the convenience of the
reader, we will reproduce below the quiver and relations of the basic algebra of B.
Family (I) from [1, Sect. 3.1]. In family (I), G ∼= SL2(Fq) where q is a prime
power with q ≡ 1 mod 4 such that 2d+1 is the maximal 2-power dividing (q2 − 1).
The principal block B of kG is Morita equivalent to Λ = kQ/I where Q and I are
as in Figure 1. The projective indecomposable Λ-modules are pictured for example
in [1, Fig. 1].
Let T be the Λ-module of k-dimension 5 which has an ordered k-basis given by
(the images of)
(b0, b1, b2, b3, b4) = (e1, β, γβ, δβ, ηδβ).
In particular, T is a quotient module of the projective indecomposable Λ-module
P1 = Λe1 corresponding to the vertex 1 in Q. The Λ-module structure of T is given
by the following 5× 5 matrices Xc which describe the action of (the image of) each
vertex (resp. arrow) c in Q on {b0, b1, . . . , b4}: Xe0 = E11 +E44, Xe1 = E00 +E22,
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Figure 1. Λ = kQ/I for blocks B in family (I).
0
Q = 1 •
β //
γ
oo •
δ //
η
oo • 2
I = 〈βγβ − ηδβ(γηδβ)2
d−1
−1, γβγ − γηδ(βγηδ)2
d−1
−1,
ηδη − βγη(δβγη)2
d−1
−1, δηδ − δβγ(ηδβγ)2
d−1
−1,
δβγβ, γηδη〉.
Xe2 = E33, Xβ = E10, Xγ = E21, Xδ = E31 and Xη = E43. Here Eji denotes the
5× 5 matrix whose (j, i) entry is equal to 1 and all entries are equal to 0, i.e. Eji
sends bi to bj and all other basis elements to 0.
Let V be the kG-module which corresponds to T under the Morita equivalence
between B and Λ. Then V is a quotient module of a projective indecomposable kG-
module. Using the description of the projective indecomposable Λ-modules in [1,
Fig. 1], it follows that EndΛ(T )
∼= k, Ext1Λ(T, T )
∼= k and Ext2Λ(T, T )
∼= k. Hence
the Morita equivalence between B and Λ also gives EndkG(V )
∼= k, Ext1kG(V, V )
∼= k
and Ext2kG(V, V )
∼= k. By [9, Sect. 1.6], it follows that the universal deformation
ring R(G, V ) is isomorphic to a quotient ring of W [[t]] by an ideal generated by a
single power series (which could be zero).
To finish the proof of Theorem 1 for G as in family (I), it is hence enough to
show that the universal mod 2 deformation ring R(G, V )/2R(G, V ) is isomorphic to
k[[t]]. Note that R(G, V )/2R(G, V ) is universal with respect to isomorphism classes
of lifts of V over complete local commutative Noetherian k-algebras with residue
field k. Using the Morita equivalence between B and Λ, it suffices to prove that
the universal deformation ring R(Λ, T ) of T is isomorphic to k[[t]], where R(Λ, T )
is universal with respect to isomorphism classes of lifts of T over complete local
commutative Noetherian k-algebras with residue field k (see for example [5, Prop.
2.5]).
Let L be a free k[[t]]-module of rank 5 with k[[t]]-basis {B0, B1, . . . , B4}. Viewing
k as a subalgebra of k[[t]], define a Λ-module structure on L as follows. Let (the
image of) ei, i ∈ {0, 1, 2}, (resp. ζ ∈ {β, δ, η}) act on {B0, B1, . . . , B4} as the matrix
Xei (resp. Xζ), and let γ act as Xγ + tE24. Then L is a k[[t]]⊗k Λ-module which
is free as a k[[t]]-module. Moreover, L/tL ∼= T as Λ-modules. Hence L defines a
lift of T over k[[t]]. Therefore, there exists a continuous k-algebra homomorphism
ϕ : R(Λ, T ) → k[[t]] corresponding to the isomorphism class of the lift of T over
k[[t]] defined by L. Since L/t2L defines a non-trivial lift of T over k[[t]]/(t2), it
follows that ϕ is surjective. Because R(Λ, T ) is isomorphic to a quotient algebra of
k[[t]], this implies that ϕ is an isomorphism, proving Theorem 1 for G as in family
(I).
Family (II) from [1, Sect. 3.2]. In family (II), G ∼= SL2(Fq) where q is a prime
power with q ≡ 3 mod 4 such that 2d+1 is the maximal 2-power dividing (q2 − 1).
The principal block B of kG is Morita equivalent to Λ = kQ/I where Q and I are
as in Figure 2. The projective indecomposable Λ-modules are pictured for example
in [1, Fig. 3].
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Figure 2. Λ = kQ/I for blocks B in family (II).
Q =
0 •
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γ
oo
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✌
η
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•
2
and
I = 〈δβ − κλκ, γη − λκλ, λδ − γβγ, ηκ− βγβ,
βλ − η(δη)2
d−1
−1, κγ − δ(ηδ)2
d−1
−1,
δβγ, γηδ, ηκλ〉.
Let T be the Λ-module of k-dimension 4 which has an ordered k-basis given by
(the images of)
(b0, b1, b2, b3) = (e0, β, κ, λκ)
so that T is a quotient module of the projective indecomposable Λ-module P0 = Λe0.
The Λ-module structure of T is given by the following 4× 4 matrices with respect
to the k-basis {b0, b1, b2, b3}: Ye0 = E00 + E33, Ye1 = E11, Ye2 = E22, Yβ = E10,
Yκ = E20, Yλ = E32 and Yγ = 0 = Yδ = Yη. Using the description of the
projective indecomposable Λ-modules in [1, Fig. 3], it follows that EndΛ(T )
∼= k
and Ext1Λ(T, T )
∼= k ∼= Ext2Λ(T, T ). Let L be a free k[[t]]-module of rank 4 with
k[[t]]-basis {B0, B1, B2, B3} and define a Λ-module structure on L by letting (the
image of) ei, i ∈ {0, 1, 2}, (resp. ζ ∈ {β, κ, λ, δ, η}) act on {B0, B1, B2, B3} as
the matrix Yei (resp. Yζ), and γ act as Yγ + tE31. Similarly to family (I), we
conclude that R(Λ, T ) ∼= k[[t]]. If V is the kG-module corresponding to T under
the Morita equivalence between B and Λ, then V is a quotient module of a projective
indecomposable kG-module. We use similar arguments as in the proof for family
(I) to show that EndkG(V )
∼= k and that the universal mod 2 deformation ring of
V is isomorphic to k[[t]], which proves Theorem 1 for G as in family (II).
Family (III) from [1, Sect. 3.3]. In family (III), G is isomorphic to the non-
trivial double cover A˜7 and d = 3. The principal block B of kG is Morita equivalent
to Λ = kQ/I where Q and I are as in Figure 3. The projective indecomposable
Λ-modules are pictured for example in [1, Fig. 5].
Let T be the Λ-module of k-dimension 5 which has an ordered k-basis given by
(the images of)
(b0, b1, b2, b3, b4) = (e2, η, δη, γη, βγη)
so that T is a quotient module of the projective indecomposable Λ-module P2 = Λe2.
The Λ-module structure of T is given by the following 5× 5 matrices with respect
to the k-basis {b0, b1, . . . , b4}: Ze0 = E11 + E44, Ze1 = E33, Ze2 = E00 + E22,
Zβ = E43, Zγ = E31, Zδ = E21, Zη = E10 and Zα = 0. Using the description of the
projective indecomposable Λ-modules in [1, Fig. 5], it follows that EndΛ(T )
∼= k
and Ext1Λ(T, T )
∼= k ∼= Ext2Λ(T, T ). Let L be a free k[[t]]-module of rank 5 with
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Figure 3. Λ = kQ/I for blocks B in family (III).
1 0
Q = •α ::
β //
γ
oo •
δ //
η
oo • 2
and
I = 〈βα − ηδβ(γηδβ), αγ − γηδ(βγηδ),
ηδη − βγη(δβγη), δηδ − δβγ(ηδβγ)〉.
k[[t]]-basis {B0, B1, . . . , B4} and define a Λ-module structure on L by letting (the
image of) ei, i ∈ {0, 1, 2}, (resp. ζ ∈ {α, β, γ, η}) act on {B0, B1, . . . , B4} as the
matrix Zei (resp. Zζ), and δ act as Zδ + tE24. Similarly to family (I), we conclude
that R(Λ, T ) ∼= k[[t]]. If V is the kG-module corresponding to T under the Morita
equivalence between B and Λ, we use similar arguments as in the proof for family (I)
to show that V is a quotient module of a projective indecomposable kG-module,
EndkG(V )
∼= k and the universal mod 2 deformation ring of V is isomorphic to
k[[t]]. This completes the proof of Theorem 1. 
The results in [10] together with Theorem 1 provide examples when
R(G, V )/pR(G, V ) ∼= k[[t]]
for all primes p except p = 3. The following result provides an example for p = 3,
and in fact gives additional examples for p ≥ 5. Note that Zp =W (Fp) denotes the
ring of p-adic integers.
Proposition 2. Let p ≥ 3, and define
G = (Fp × Fp)×F
∗
p
where each a ∈ F ∗p acts on the 2-dimensional vector space Fp×Fp as multiplication
by the diagonal matrix diag(a, a−1) ∈ GL2(Fp). Then there exists a uniserial FpG-
module V of composition series length p− 1 with EndFpG(V )
∼= Fp and R(G, V ) ∼=
Zp[[t]]/(pt).
Proof. We write the elements of G as pairs ((x, y), a), where (x, y) ∈ Fp × Fp and
a ∈ F ∗p . Note that the action of a on (x, y) is given by a.(x, y) = (ax, a
−1y). Let
aε be a primitive element of Fp, i.e. aε generates the multiplicative group F
∗
p .
Define σ = ((1, 0), 1), τ = ((0, 1), 1) and ε = ((0, 0), aǫ), and let K = 〈τ〉 and
G = 〈σ, ε〉. Then G = 〈σ, τ, ε〉, K is a normal subgroup of G, and G ∼= G/K.
Moreover, G = 〈σ〉× 〈ε〉 where ε acts on σ as multiplication by aε. Hence the
simple FpG-modules are all inflated from simple Fp〈ε〉-modules. If Ti = Fp such
that ε (resp. σ) acts as multiplication by aiε (resp. 1) for i = 0, 1, . . . , p − 2, then
{T0, T1, . . . , Tp−2} is a complete set of representatives of simple FpG-modules. For
0 ≤ i ≤ p−2, the projective indecomposable FpG-module cover Pi of Ti is uniserial
of length p with descending composition factors Ti, Ti+1, . . . , Ti+p−2, Ti, where the
indices are taken modulo p− 1. Note that FpG is a Brauer tree algebra where the
Brauer tree is a star with multiplicity 1 and p−1 edges labeled counter-clockwise in
the order T0, T1, . . . , Tp−2. Since the ring of p-adic integers Zp contains all (p− 1)
th
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roots of unity, it follows that its fraction field Qp is a splitting field for G. The
decomposition matrix of FpG is given in Figure 4.
Figure 4. The decomposition matrix of FpG.
ϕ0 ϕ1 · · · ϕp−2
χ0
χ1
...
χp−2
χp−1


1 0 · · · 0
0
. . .
. . .
...
...
. . .
. . . 0
0 · · · 0 1
1 1 · · · 1


Let V be the uniserial FpG-module with descending composition factors
T0, T1, . . . , Tp−2.
In particular, End
FpG
(V ) ∼= Fp. An explicit matrix representation
ρ : G→ GLp−1(Fp)
corresponding to V is given in Figure 5. Note that
(1) sp−2 = 1 and a
p−2
ε = a
−1
ε .
Figure 5. The representation ρ : G→ GLp−1(Fp) corresponding
to V .
ρ(σ) =


1 s1 s2 · · · sp−2
0 1 s1
. . .
...
...
. . .
. . .
. . . s2
...
. . . 1 s1
0 · · · · · · 0 1


s−1i = i ! in F
∗
p (1 ≤ i ≤ p− 2) ,
ρ(ε) =


ap−2ε 0 · · · · · · 0
0 ap−3ε 0
...
...
. . .
. . .
. . .
...
... 0 aε 0
0 · · · · · · 0 1


.
It follows from the description of the projective indecomposable FpG-modules
that Exti
FpG
(V, V ) = 0 for i = 1, 2. In particular, V can be lifted over Zp which
implies that R(G, V ) ∼= Zp.
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Since T0 is endo-trivial as an FpG-module, it follows that V = Ω
−1(T0) is also
endo-trivial as an FpG-module. In other words, there exists a projective FpG-
module P such that EndFp(V )
∼= T0 ⊕ P as an FpG-module. Using the explicit
representation ρ in Figure 5, an easy matrix calculation shows that the socle of the
FpG-module EndFp(V ) is isomorphic to T0 ⊕ T1 ⊕ · · · ⊕ Tp−2. Hence
(2) EndFp(V )
∼= T0 ⊕ P1 ⊕ · · · ⊕ Pp−2.
We inflate V from G to G, using that G ∼= G/K, and denote the resulting FpG-
module also by V . Since K acts trivially on V , and hence on EndFp(V ), it follows
that
Hi(G/K,H0(K,EndFp(V ))
∼= Hi(G,EndFp(V ))(3)
∼= Exti
FpG
(V, V ) = 0 for i = 1, 2.
Applying (3) to the Lyndon/Hochschild-Serre spectral sequence
Hp(G/K,Hq(K,EndFp(V ))) =⇒ H
p+q(G,EndFp(V ))
for p+ q = 1, we see that this spectral sequence degenerates to
H1(G,EndFp(V ))
∼= H0(G/K,H1(K,EndFp(V ))).
Therefore we obtain isomorphisms
H1(G,EndFp(V ))
∼= H0(G,H1(K,EndFp(V )))
∼= Hom(K,EndFp(V ))
G
∼= Hom
FpG
(Tp−2,EndFp(V ))
where the second isomorphism follows since K acts trivially on V and the last
isomorphism follows since K = 〈τ〉 ∼= Fp and ε acts on τ as multiplication by
a−1ε = a
p−2
ε . Hence it follows from (2) that H
1(G,EndFp(V ))
∼= Fp, which implies
that the universal deformation ring R(G, V ) is isomorphic to a quotient ring of
Zp[[t]].
Since R(G, V ) ∼= Zp, there exists a matrix representation ρG : G → GLp−1(Zp)
such that the reduction of ρG modulo p is equal to the representation ρ in Figure
5. Define E to be the (p − 1) × (p − 1) matrix whose last entry in the first row
is equal to 1 and whose all other entries are equal to 0, and let Ip−1 denote the
identity matrix of size p− 1. Let R = Zp[[t]]/(pt) and define
ρ : G→ GLp−1(R)
by ρ(g) = ρG(g) for all g ∈ 〈σ, ε〉 and ρ(τ) = Ip−1 + tE. Using (1) and that pt = 0
in R, it follows that ρ is a group representation of G which defines a lift of V over
R when V is viewed as an FpG-module.
By the universal property ofR(G, V ), there exists a unique continuous Zp-algebra
homomorphism γ : R(G, V ) → R corresponding to the isomorphism class of the
lift ρ. If m (resp. mR) denotes the maximal ideal of R(G, V ) (resp. R), then γ is
surjective if and only if it induces a surjection
(4) γ :
R(G, V )
m
2 + pR(G, V )
−→
R
m
2
R + pR
∼=
Fp[t]
(t2)
.
Let piu : R(G, V ) → R(G, V )/(m
2 + pR(G, V )) and pi : R → R/(m2R + pR)
∼=
Fp[t]/(t
2) be the natural surjections. Then γ ◦ piu defines a lift of V over Fp[t]/(t
2),
and γ is surjective if and only if this lift is not isomorphic to the trivial lift of V
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over Fp[t]/(t
2). However, since γ ◦piu = pi◦γ, the lift defined by γ ◦piu is isomorphic
to the lift defined by the reduction of ρ modulo m2R + pR. Since the latter lift is
not isomorphic to the trivial lift of V over Fp[t]/(t
2), it therefore follows that γ,
and hence γ, is surjective. Since R(G, V ) is isomorphic to a quotient ring of Zp[[t]],
(4) is in fact an isomorphism. Let r be any element of R(G, V ) such that γ(r) is
the class of t in R = Zp[[t]]/(pt). We then have a unique continuous Zp-algebra
homomorphism
µ : Zp[[t]]→ R(G, V )
which maps t to r. Since (γ ◦ µ)(t) is the class of t in R, we see that γ ◦ µ
is surjective. So because γ is an isomorphism, Nakayama’s lemma implies that
µ : Zp[[t]]→ R(G, V ) is surjective. Since (γ ◦ µ)(t) = t, it follows that the kernel of
µ is contained in (pt).
Suppose γ is not an isomorphism. Then the kernel of µ is properly contained in
(pt), which means that
Ker(µ) ⊆ (pt) · (p, t) = (p2t, pt2).
Hence there exists a surjective continuous Zp-algebra homomorphism λ : R(G, V )→
Zp[[t]]/(p
2t, pt2) such that the composition of λ with the natural surjection ν :
Zp[[t]]/(p
2t, pt2) → Zp[[t]]/(pt) = R is equal to γ. This implies that there exists
a group homomorphism ρˆ : G → GLp−1(Zp[[t]]/(p
2t, pt2)) with ν ◦ ρˆ = ρ. In
particular,
ρˆ(τ) = Ip−1 + tE + ptA
for some matrix A ∈Matp−1(Zp[[t]]) where we view this equation modulo the ideal
(p2t, pt2). Since ρˆ is a group homomorphism, ρˆ(τ)p must be equal to the identity
Ip−1 modulo (p
2t, pt2). However,
ρˆ(τ)p ≡ (Ip−1 + tE + ptA)
p
≡ Ip−1 + ptE + p
2tA
≡ Ip−1 + ptE mod (p
2t, pt2)
which means that ρˆ does not exist. Therefore, γ must be an isomorphism, implying
that R(G, V ) ∼= R = Zp[[t]]/(pt). 
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